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[ Exercise 1: Generic Recurrence Behaviour }

Consider the recurrence relation
3fnte =Tfnt1 —2fn foralln >0

with the initial conditions fy = a and f; = b for constants a and b. Find a closed form for f, in
terms of the constants ¢ and b. What conditions on a and b make f, — 0 as n — oo and what
conditions on a and b make |f,,| — co as n — 00?

Exercise 2: Linear Diophantine Equations ]

Let aq, ..., a, be (not necessarily distinct) positive integers with greatest common divisor 1. Find
dominant asymptotics for the number of solutions s,, to the equation

n=a1x1+ - +ax; withz, e Nforall1 <k <r.

—

Exercise 3: Transcendence of Binomial Powers }

Prove that for any natural number < > 2,
2n\ "
F(z) = "
n>0

is transcendental. You may use any of the analytic, algebraic, or asymptotic properties of al-
gebraic functions discussed. Hint: You might want to use the facts that T'(1/2) = /7 and
I'(z + 1) = 2I'(2), and that 7 is transcendental.

{ Exercise 4: Computing Even Zeta Values ]

Let F(z) = z/(e* — 1). Following our treatment of tan(z) in lecture, prove

1
(2mik)n’

fo=["F(2) = - Z

keZ\{0}

You may use without proof the fact that e* — 1 is uniformly bounded away from 0 when z is in
any square in the complex plane with corners at 7 (2k + 1)(+1 +4) with £ € N.

Recall the Riemann zeta function

) =Y o

k>1

Show that f,, = 0 for n odd but when n = 2m is an even positive integer then
f2m — (_1)m—121—2m7r—2m . <(2m)

Prove that ((2m) is a rational multiple of 7™, and describe an algorithm to compute it.

)

Exercise 5: Singularities on Domain of Convergence Boundary ]

Use the Cauchy Integral Formula and the Maximum Modulus Bound to prove that if F(z) =
ano fnz" has finite radius of convergence R > 0 then F'(z) admits a singularity with modulus R.
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