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Enumerative Combinatorics
Start with a sequence 

 
 
The terms of the sequence could 

• count objects in a combinatorial class  

• capture the probability that an event occurs 

• track the runtime of an algorithm  

Goal: capture something interesting about the sequence
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Exact Formulas

It’s unreasonable to expect this to always occur — not 
all combinatorial sequences have simple formulas, and 
even if they do they can be hard to prove!

A. Cayley. A Theorem on Trees. Quart. J. Pure Appl. Math. Vol 23, 376–378, 1889.



Algorithms

Gathering data can be useful for studying sequences, and 
conjecturing formulas, but doesn’t fully capture behaviour.



Asymptotics
Instead of exact enumeration, focus on large-scale 
behaviour by approximating      for large n. 
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Generating Functions
The generating function (GF) of      is 
 

Algebraic / differential / functional equations for F form a 
data structure for   
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Combinatorial definitions often 
automatically translate to GF equations



Generating Function Classes
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Analytic Combinatorics
We assume our GF is analytic at the origin 

 

Analytic combinatorics derives asymptotics of sequences 
from the behaviour of their GFs
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Fact 1: Cauchy Integral Formula
If                        is analytic at the origin then 

 
where  is a sufficiently small circle around the origin.
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Fact 2: Deforming Curves of Integration
If  and  are simple closed curves and  can be deformed 
to  in an open set where        is analytic then 
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Fact 3: Residues
Assume 

•         and         analytic at         

•  is any sufficiently small circle around  

Then 

where the residue is an explicit and computable expression 
involving the derivatives of  and     at 

<latexit sha1_base64="ldk64DmO4V+svPkxOMtoHq/pn2Y="></latexit>

C

<latexit sha1_base64="mltiBUjsLVdmgbWMxPXS+MXjnyo="></latexit>

P

<latexit sha1_base64="8U2lssPqFg+pb7Vg56mfvqQ/Y+0="></latexit>

P (z)
<latexit sha1_base64="CxyHWJnqhWyrca059cyz22J3/lA="></latexit>

Q(z) <latexit sha1_base64="haXWMgLqDNiQRvD0OhB1zq1lNMY="></latexit>z = ⇢

<latexit sha1_base64="haXWMgLqDNiQRvD0OhB1zq1lNMY="></latexit>z = ⇢

<latexit sha1_base64="zqD4GdUN7AHss60Z+/hI4i1gzbA="></latexit>

Q <latexit sha1_base64="haXWMgLqDNiQRvD0OhB1zq1lNMY="></latexit>z = ⇢

<latexit sha1_base64="WRKTngB07nB4SKzrE/HyG92FI54="></latexit>Z

C

P (z)

Q(z)
dz = Res

z=⇢

✓
P (z)

Q(z)

◆



Fact 4: Max Modulus Bound
If         continuous on  then 
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Alternating Permutations
An alternating permutation is a permutation  of odd 
length such that 
 
The alternating permutations of length three: 213 and 312
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Alternating Permutations
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Comptes rendus de l'Académie des sciences, 1879

An alternating permutation is a permutation  of odd 
length such that 
 
The alternating permutations of length three: 213 and 312
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Asymptotics of Alternating Permutations

The Cauchy integral formula implies

an
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= [zn] tan z =
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Asymptotics of Alternating Permutations
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Asymptotics of Alternating Permutations
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Asymptotics of Alternating Permutations
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Asymptotics of Alternating Permutations
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Asymptotics of Alternating Permutations
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Asymptotics of Alternating Permutations
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Asymptotics of Alternating Permutations
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Asymptotics of Alternating Permutations
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Main Takeaways
• Each singularity gives contribution 

• Those singularities closest to the origin affect dominant 
asymptotics 

• The contributions of each can be determined by a local analysis 
of the generating function 

There are many known formulas for different types of singularities

F (z) ⇠ (1� z)↵
✓
log

1

1� z

◆�

=) fn ⇠ n�↵�1

�(�↵)
(log n)�
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Diagonals
Start with a multivariate series                          

 
 
 
 
 
 
 

F (z) =
X

(i1,...,id)2Nd

fi1,...,idz
i1
1 · · · zidd =

X

i2Nd

fiz
i
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The -diagonal consists of the coefficients 
Note the coefficient      is defined only if 
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Why Diagonals?

• Data structures for interesting univariate sequences 

• Uniform asymptotics over most directions (tomorrow)  

• Yield combinatorial limit theorems (tomorrow) 

 
We focus on rational (or meromorphic) diagonals 

• Diagonal of an algebraic function in d variables is the 
diagonal of a rational function in 2d variables
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Analytic Combinatorics in Several Variables

Assume  

 
converges in a neighbourhood of the origin. 
 
The singularities of        are given by                           . 
Singularities closest to the origin are called minimal points.
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Difficulties of ACSV

One variable rational (or meromorphic) functions 

• Find finite set of singularities closest to the origin 

• Add their asymptotic contributions 

In more than one variable 

• Set of minimal points is infinite 

• Singular set can have nontrivial geometry (self-intersections) 

• Can deform domain of integration around singular set!



Simplest case: Denominator  and its partial derivatives don’t 
simultaneously vanish. 
 
Then critical points are defined by 
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Simplest case: Denominator  and its partial derivatives don’t 
simultaneously vanish. 
 
Then critical points are defined by 
 
 
 
Critical points: Asymptotic approximations can be made 
Minimal points: Cauchy integral can be deformed close to 
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The generating function for the chiral operators in the large N 
limit of the bi-clover quiver gauge theory is  
 
 
 
 

Bi-Clover Quiver 
(Ramgoolam, Wilson and Zahabi 2020)
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Proof Idea (Bivariate)
Suppose                         satisfies the conditions of the theorem.  
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Critical vs Minimal Points
Minimal points make the proof relative easy, but make checking the 
conditions difficult. 

 

Problem: Dealing with minimality (and points with same 
coordinate-wise modulus) is hard. It also considers spurious points.
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                                        still has critical point            

But now there is a curve of singularities 

with                     



Critical vs Minimal Points
Minimal points make the proof relative easy, but make checking the 
conditions difficult. 

 

Problem: Dealing with minimality (and points with same 
coordinate-wise modulus) is hard. It also considers spurious points. 

Solution: Reduce importance of minimality. Only critical points 
really matter when computing asymptotics. 

Key: Generically there are a finite set of critical points, encoded by 
algebraic equations, even though there are infinite minimal points.
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Help Proving Minimality

Multivariate Vivanti-Pringsheim Theorem 
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Help Proving Minimality

Aperiodic Expansions 
 

If                                where        is a sequence of  
 
nonnegative numbers with 
then every minimal point has positive real coordinates
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Uniform diagonal expression for walk models in      whose step 
sets                 are symmetric over every axis. 

C(t) = �

✓
(1 + z1) · · · (1 + zd)

1� t(z1 · · · zd)S(z)

◆

Nd
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Walks in an Orthant

S ⇢ {±1, 0}d
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Uniform diagonal expression for walk models in      whose step 
sets                 are symmetric over every axis. S ⇢ {±1, 0}d
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M. and Mishna, 2016

Walks in an Orthant



A lonesum matrix is a  matrix that is uniquely 
determined by its row and column sums. 

0� 1
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Lonesum Matrices (Khera, Lundberg, and M.)
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Noncommutative Biology: Sequential Regulation of Complex Networks 
Letsou and Cai. PLOS Computational Biology, 2016.

A lonesum matrix is a  matrix that is uniquely 
determined by its row and column sums. 

0� 1
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Lonesum Matrices (Khera, Lundberg, and M.)
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F (x, y) =
X

n,k�0

Bn,k

n!k!
xnyk =

1

e�x + e�y � 1



Lonesum Matrices (Khera, Lundberg, and M.)

Let f(t) = t/(1� e
t) log(1� e

�t).

Theorem. If n, k ! 1 such that n/k ! � > 0 then

Bn,k =
a
�n

b
�n

p
k

n!k!p
2⇡ae�a[be�b + ae�a � ab]

�
1 +O

�
k
�1

��
,

where a = f
�1(�) and b = f

�1(1/�)
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A lonesum matrix is a  matrix that is uniquely 
determined by its row and column sums. 

0� 1
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xnyk =

1

e�x + e�y � 1



Proof Idea of Main Theorem
Approach 1: Cones of Hyperbolicity (BP 2011) 

• Criticality says something about the tangent space to  

• Use this to locally deform around non-critical minimal points 

• Glue these deformations together with roots of unity 

 
Approach 2: Intersection Classes (BMP 2022) 

• Use geometric arguments to “flow” cycle on  

• More on this approach tomorrow
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Suppose that        and         have coefficients       and degree q        z z

Suppose also that the power series of         has non-negative coefficients       F (z)
<latexit sha1_base64="cAkZoXh8EDxA46+pzOktVJZtj+M="></latexit><latexit sha1_base64="cAkZoXh8EDxA46+pzOktVJZtj+M="></latexit><latexit sha1_base64="cAkZoXh8EDxA46+pzOktVJZtj+M="></latexit><latexit sha1_base64="cAkZoXh8EDxA46+pzOktVJZtj+M="></latexit>

Can remove non-negativity assumption, with increased complexity.

ACSV Complexity Results

Theorem (M. and Salvy, 2016) 
Under generic and verifiable assumptions one can find all  
minimal critical points, and compute asymptotics in                 
               bit operations.
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Õ(hq4d+5)

Theorem (M. and Salvy, 2021) 
Under verifiable assumptions, one can find minimal critical  
points in                    bit operations.
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ACSV Complexity Results

Õ(hd9n+423n)

General Idea: 
- Assumptions imply finite number of critical points 

- Use a univariate (Kronecker) representation to encode them 

- Reduce everything to polynomial equalities and inequalities 
with bounded degrees and coefficient sizes 

- Use numerical methods with sufficient precision to test minimality

Theorem (M. and Salvy, 2021) 
Under verifiable assumptions, one can find minimal critical  
points in                    bit operations.

<latexit sha1_base64="iSpHc8MiEYvcTqL9+vtyD6T1Rvw="></latexit>
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Irrationality of Zeta(3)

A Proof that Euler Missed, Alfred van der Poorten

bn =
nX

k=0

✓
n

k

◆2✓n+ k

k

◆2

= [(xyzt)n]
1

1� t(1 + x)(1 + y)(1 + z)(1 + y + z + yz + xyz)
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Irrationality of Zeta(3)

A Proof that Euler Missed, Alfred van der Poorten



Restricted Factors in Words
The number of balanced binary strings with no substring equal to 
10101101 and 1110101 is the main diagonal of

<latexit sha1_base64="mCB1RmyHyS+W0fh7ZWCvh4TOH2M="></latexit>

1� x3y6 + x3y4 + x2y4 + x2y3

1� x� y + x2y3 � x3y3 � x4y4 � x3y6 + x4y6



For new researchers — focus more on 
explicit results and computation

Most general theory, centred around  
topological framework



For new researchers — focus more on 
explicit results and computation
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2ND EDITION

Most general theory, centred around  
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Implementations
• Sage package of Alex Raichev for computing asymptotic 

contributions of (already certified) minimal critical points 

- Package was not well maintained. Currently being fixed and 
extended to certify minimality by Hackl, Selover, and Wong. 

• Julia implementation using Homotopy Continuation to 
certify minimality by Kisun Lee and Josip Smolić. 

• Maple implementation of Melczer and Salvy for certifying 
minimality. 

• Sage code developed for An Invitation to Analytic 
Combinatorics (available on melczer.ca/textbook)

http://melczer.ca/textbook


Conclusion



Conclusion
• Analytic combinatorics is beautiful and powerful 

• Analytic combinatorics in several variables is beautiful 
and powerful 

• You don’t need much more than univariate analytic 
combinatorics to get interesting results 

• To remove some hard-to-check hypotheses we need to 
bring in new techniques and rely on some advanced 
mathematics



Lecture 2 (Tomorrow)
• Uniform asymptotics in varying directions 

• Limit theorems 

• (Some) non-smooth singular sets 

• Morse-theoretic framework 

• New applications 

• And more!



THANK YOU!

An Invitation to Analytic Combinatorics 
melczer.ca/textbook

melczer.ca/ALEA22


